The 3D folding structure formed by different genomic regions of a chromosome is still poorly understood. So far, only relatively simple geometric features, like distances and angles between different genomic regions, have been evaluated. This work is concerned with more complex geometric properties, i.e., the complete shape formed by genomic regions. Our work is based on statistical shape theory and we use different approaches to analyze the considered structures, e.g., shape uniformity test, 3D point-based registration, Fisher distribution, and 3D non-rigid image registration for shape normalization. We have applied these approaches to analyze 3D microscopy images of the X-chromosome where four consecutive genomic regions (BACs) have been simultaneously labeled by multicolor FISH. We have acquired two sets of four consecutive genomic regions with an overlap of three regions. From the experimental results, it turned out that for all data sets the complete structure is non-random. In addition, we found that the shapes of active and inactive X-chromosomal genomic regions are statistically independent. Moreover, we reconstructed the average 3D structure of chromatin in a small genomic region (below 4 Mb) based on five BACs resulting from two overlapping four BAC regions. We found that geometric normalization with respect to the nucleus shape based on non-rigid image registration has a significant influence on the location of the genomic regions.
Introduction
Recent studies have shown that the positions of genes within the nucleus and in relation to one another play an important role in transcriptional regulation (for reviews, see [1] [2] [3] [4] ). In particular, some genes are known to move from the nuclear envelope upon transcriptional activation and towards the envelope when silenced ( [5] [6] [7] [8] [9] ). These findings raise the question about large-scale changes in chromatin folding that accompany changes in the transcriptional status of a gene. Another phenomenon calling attention to large-scale chromatin folding is global chromosome inactivation. The X-chromosome is one of the two sex-determining chromosomes in many animal species. Early in the embryonic development of females, one of the two X-chromosomes is inactivated in almost all somatic cells. X-inactivation ensures that the female, with two X-chromosomes, does not have twice as many Xchromosomal gene products as the male, which only has a single X-chromosome [10] .
In this work, we study the 3D geometric properties of interphase chromatin using a small region of the X-chromosome. The folding structure of X-chromatin is still poorly understood, despite the fact that the 3D organization of the chromatin plays an important role in the control of gene expression [11] . The aim of our work is threefold: First, we examine whether the large-scale folding structure of the Xchromatin is non-random. Second, we study the relationship between the folding structures of active X-chromatin (Xa) and inactive Xchromatin (Xi). Third, we reconstruct and analyze the 3D structure formed by consecutive genomic regions.
Currently, the 3D chromatin structure has to be analyzed indirectly, e.g., by measuring the following:
(i) The physical distances between specific genomic regions or gene loci in the interphase nucleus. Sachs et al. [12] proposed a randomwalk/giant-loop model to study chromatin and derived a theoretical distribution of the distance between two regions for this model. Based on this work, Yokota et al. [13] studied the folding of chromosomes in interphase nuclei by measuring the distance between two points on the same chromosome. For related work, see [14] [15] [16] [17] [18] . However, in [13] only distance information about two regions was considered, and such information is not directly usable for the interpretation of the complete 3D structure formed by more than two genomic regions or points.
(ii) The relationship between genomic and physical distances of two genomic regions on the genome (e.g., [13, [19] [20] [21] 16] ). These approaches suffer from the same problem as mentioned above (i).
(iii) The physical distance measured between a genomic region and the center of the cell nucleus, where the distance is normalized by the radius of the cell nucleus [22, 23] . This approach can characterize the spatial distribution of certain genomic regions within a nucleus; however, geometric information about the relative positions between different genomic regions has not been supplied. (iv) The angles formed by three consecutive genomic regions on the chromosome. Zlatanova et al. [24] considered the angle formed by lines connecting the centers of three successive nucleosomes. Kozubek et al. [25] proposed an angular distribution of genetic loci in the cell nuclei, where the angle between two homologous genomic regions and the center of mass was measured to describe the local structure of chromatin. Apparently, the information of only one angle is not sufficient for advanced structural analysis (see [26] for a brief review of the applicability of distance and angle measures). (v) Recently, Götze et al. [27] followed an alternative approach to analyze the structure of ridge and anti-ridge genomic regions. They studied the geometry of single genomic regions using different measurements such as volume, roundness factor, and degree of overlap of the regions. However, these measurements reflect few geometric relationships between different genomic regions.
Our work is based on multichannel 3D cell microscopy images stained by fluorescence in situ hybridization (FISH). In each image, four consecutive genomic regions (BACs) have been labeled on the Xa-and the Xi-chromosome (see Fig. 1 ). The geometric centers of the BACs signals were determined after threshold-based segmentation. In our application, we have used two sets of data, where each set represents four consecutive BACs in a number of individual fibroblast cells and three BACs are overlapping, i.e., have been labeled in both data sets. Thus, data set 1 contains the coordinates of BAC2, BAC3, BAC4, and BAC5, and data set 2 represents the positions of BAC1, BAC2, BAC3, and BAC4. Note, that this constellation of BACs in the two data sets allows a sound combination of the geometric information in the two data sets and uniquely determines the 3D structure of five consecutive BACs. Note also that in the 2D case, already two overlapping consecutive BACs would be sufficient to uniquely determine the 2D structure. When using previous approaches as described above, only some basic geometric features can be determined and evaluated. However, statistically integrating these geometric features is difficult or hardly possible [28] . Hence, the interpretation of the higher-level geometry is difficult. For example, assume that we have a set of triangles whose vertices correspond to three genomic regions. If only vertex angles and edge lengths are used, then it is difficult to determine whether the shape of the corresponding triangles is non-random or not.
To overcome this bottleneck, our idea is to directly exploit the complete or higher-level geometric structure of the data. For example, if three genomic regions are labeled, we consider triangles as statistical variables instead of distances or angles. Our work is based on 3D geometrical morphometrics within statistical shape theory. In comparison to our previous work [29] , where we used data of three consecutive BACs within one multichannel microscopy image, we here analyze image data of four consecutive BACs, and we also use different analysis techniques, e.g., statistical modeling with Fisher distribution. According to our knowledge, statistical shape analysis, particularly 3D geometrical morphometrics, has not yet been used to study the 3D structure of chromatin.
To study the 3D geometry of the generated two data sets, we used the following approaches. First, a shape uniformity test was used for the 3D structure formed by the four BACs in order to determine whether the structures are random or not. Second, we separated each tetrahedron (representing four consecutive genomic regions) into four triangles (BAC triangles), which were then transformed onto the xyplane using 3D point-based registration. After using Kendall's spherical coordinate system, the shape distribution of BAC triangles can be considered as a standard problem on a spherical space. Subsequently, the Fisher distribution was applied to statistically model the spherical data. Here, a goodness-of-fit test was used to find out, whether the Fisher distribution well describes the real data. Based on this, a two-sample test was performed to compare the 3D structures of Xa and Xi. Furthermore, the correlation coefficients on spherical space were also computed to characterize the statistical (in) dependence between the shapes of the Xa-and Xi-chromosome. Since both data sets possess an overlap of three BACs, we were able to reconstruct the 3D mean structure formed by five consecutive BACs. To this end we applied a point-based rigid registration approach. Moreover, we studied the 3D structure before and after geometric normalization with respect to the cell nucleus shape and analyzed the influence of the normalization on the position of the genomic regions on the basis of a non-rigid registration approach.
Experimental system
To visualize a genomic subregion of a human X-chromosome, fluorescence in situ hybridization (FISH) with bacterial artificial chromosome (BAC) probes was carried out on 3D-preserved nuclei of normal diploid human fibroblasts. Four consecutive BACs and the inter-BAC regions encompassed about 3.7 Mb in the subcentromere region on the long arm of the X-chromosome. For probe preparation, BAC DNA was labeled by nick-translation. Details of FISH on 3D-preserved nuclei (3D-FISH) are described elsewhere [30, 31] . Hybridized probes were detected using the following fluorochromes [excitation(nm)/emission(nm)]: Alexa488 (495/520), TAMRA (552/ 570), TexasRed (580/615), and Cy5 (650/667); nuclear DNA was counterstained with DAPI (350/460). Confocal image stacks were acquired using LeicaSP5 confocal microscope. Stacks of 8-bit grayscale images were obtained with axial distances of 120 nm between optical sections and pixel sizes of 45 nm.
Four consecutive BAC probes (forming a tetrahedron) were visualized in four separate image channels (see Fig. 1 ). Since both Xchromosome homologues (active and inactive X-chromosomes) have the same genes, each multichannel image actually contains eight genomic regions, representing two homologous tetrahedrons for the Xa-and Xi-chromosomes. We have segmented the images by a global thresholding scheme, the geometric centers of the BACs have been determined in voxel units using the plugin "3D object counter" from ImageJ and recalculated using the used voxel size. To avoid bias caused by chromatic shift between channels (see [26, 32] ), coordinates of signals were then corrected for chromatic shift measured as described in [32] . In this study, we have used two different data sets: data set 1 contains the coordinates of BAC2, BAC3, BAC4, and BAC5 (in 33 3D multichannel images of different cells), and data set 2 represents the positions of BAC1, BAC2, BAC3, and BAC4 (in 38 different 3D multichannel images). Thus, three BACs, namely BAC2, BAC3, and BAC4, have been labeled in both data sets. This configuration of BACs is illustrated in Fig. 2 , see also Table 1 . Note, that the three "overlapping BACs" introduce a common coordinate system which enables to spatially align the two data sets. Thus, it is possible to uniquely determine the 3D structure formed by five consecutive genomic regions.
Besides the real data sets, we also generated two sets of simulated data, which serve as reference data sets. First, a "stable" data set was created by defining 50 tetrahedrons whose vertices were isotropic normally distributed N(μ, σ), where μ represents the positions of four points and σ was chosen to be small. Second, a "random" data set including 50 tetrahedrons, whose vertices were obtained by random selection within a unit cube. Analogously, we have also created two simulated data sets for the case of three points representing a triangle.
Data processing techniques

Uniformity test
We first introduce some basic concepts of geometric morphometrics in statistical shape theory. Given a configuration matrix with k labeled m-dimensional points X: (x 1 ,…,x k ) in ℝ m×k that capture the geometric information of a certain object. The shape of the configuration matrix X is the geometric information, which is invariant under translation, rotation, and isotropic scaling (Euclidean similarity transformation) [33] . The corresponding shape space ∑ k m is the set of all possible shapes. To study the shape, it is necessary to first remove the effects of the Euclidean similarity transformation. For example, centering and rescaling X can produce the pre-shape Z by means of:
where H represents the (k−1)×k Helmert submatrix having jth row
The set of all pre-shapes Z forms the pre-shape space S m k . Therefore, the shape can be represented by [Z] , where [Z]=UZ,UϵSO(m), and SO (m) represents the orthogonal group of rotations. On the other hand, to remove the rotation different approaches can be used, e.g., point-based registration or generalized Procrustes analysis. In our work, it is essential to first figure out whether the data has uniform distribution on the shape space, i.e., whether the shapes in the given data are random or not. Chikuse and Jupp [34] have proposed a statistical test to examine the uniformity of a shape as statistical variable. Given n samples X 1 ,…,X n (e.g., the BAC configuration of four consecutive points as in our case), and we have the null hypothesis that the given data have uniform distribution on the shape space. The statistical test in [34] is based on:
where T = 1 n ∑ n i = 1 T i represents the sample mean of T i defined as follows:
where I k − 1 is the k−1-dimensional identity matrix. Since (UZ)
T (UZ)=Z T Z holds for any rotation matrix U, the test is rotation invariant. If the shape variables are independent and uniformly distributed, then V∼χ
The null hypothesis is rejected for large values of V with respect to a specific significance level.
Triangulation
In the section above, we have described a uniformity test for the shape distribution. Assume that the shapes formed by the BACs are not uniformly distributed on the shape space, then one would also like to determine the local shape of these BACs. Note that four consecutive BACs form a tetrahedron with four triangular faces (BAC triangles; see Fig. 3 ). The four groups of BAC triangles were denoted as TR1 to TR4 (see Table 2 ).
Point-based rigid registration
In our work there are two reasons to use point-based rigid registration. First, prior to analyzing the BAC triangles using statistical shape theory, it is necessary to transform each vertex of the BAC triangles from 3D to 2D coordinates. We suggest employing 3D pointbased rigid registration (translation, rotation) to transform all 3D BAC triangles onto the xy-plane (reference system). The second reason is Fig. 2 . Two sets of experimental data. Each data set contains four consecutive BACs on Xa as well as on Xi. Note that three genomic regions have been stained in both data sets, which allows to define a common coordinate system in 3D. BAC1: dark blue; BAC2: green; BAC3: cyan; BAC4: yellow; and BAC5: red. The number of the BACs denotes the genomic order along the chromatin. The overlapping BACs are in channels 2, 3, and 4.
that we can fix three of the four BACs to analyze the spatial distribution of the remaining "free" BAC, and using this approach we are also able to geometrically combine the two data sets to determine the mean structure of five consecutive BACs. Three-dimensional point-based rigid registration can be formulated as follows. Given k source points p i , and k target points q i , the task is to find a rigid transformation R, such that
minimized. To transform BAC triangles (k=3) onto the xy-plane, we compute the mean triangle over all images from one data set. The edges of the mean triangle have lengths a, b, c and its vertices v i ϵℝ 3 with i=1, 2, 3, are used as target points in the xy-plane. Using the notation a = jv 3 −v 1 j; b = jv 2 −v 1 j; c = jv 3 −v 2 j, the three vertices v 1 ; v 2 ; v 3 of the mean triangle can be calculated using the following scheme.
For point-based registration, we employ the quaternion-based algorithm of Horn [35] . Note, that originally the BAC triangles are labeled clockwise or counterclockwise. However, after point-based registration, there is exclusively one kind of labeling order, i.e., either only clockwise or only counterclockwise, because counterclockwise order and clockwise order can be transformed to each other by a 3D rotation. This is called removing the reflection shape [36] .
Kendall's spherical coordinates
To investigate the statistical distribution on the shape space of triangles, we use Kendall's spherical coordinate system. With this coordinate system each triangle is mapped to one point on a sphere. The points on the southern hemisphere represent the reflection shape of those triangles on the northern hemisphere. Furthermore, the two poles of the sphere correspond to an equilateral triangle and its reflection shape, whereas flat triangles are found in the regions close to the equator. In our case, the reflection shapes of the triangles have been removed after 3D point-based registration. Hence, we need to consider only one hemisphere of Kendall's spherical coordinate system. Before constructing this coordinate system, it is necessary to first compute Kendall's coordinates (u,v)ϵℝ 2 for each triangle (for details, we refer to [36] ). Kendall's coordinates can be converted into Kendall's spherical coordinates using the following formula:
where r 2 =u 2 +v 2 =0.5 2 . Using Eq. (5), each triangle can be mapped to a point on the sphere with a radius of 0.5 (see Fig. 4 ). 
Statistical modeling of the shape using the Fisher distribution
After having mapped the triangles to points on a sphere, we suggest modeling the resulting point distribution using a technique from spherical statistics. The Fisher distribution in spherical statistics is equivalent to the normal distribution in conventional statistics [33] . The Fisher distribution is the basic model for spherical data with rotational symmetry and serves more generally as an all-purpose probability model for spherical data [37] . This model allows us to perform a comprehensive statistical inference on the spherical data.
The probability density function of the Fisher distribution is:
where
where R is called mean resultant length defined by R = 1 n jj∑
n R, and R represents the resultant length. μ and κ are the comparable concepts to the mean value and standard deviation of the normal distribution, respectively. Note, that the sphere underlying the Fisher distribution model is assumed to be a unit sphere, whereas the Kendall's spherical coordinate system represents a sphere with a radius of 0.5. For this reason, we have to rescale the sphere of Kendall's spherical coordinate system by a factor of two for subsequent analysis.
Before performing statistical inference, one should analyze how well the Fisher distribution fits the real data sets. The null hypothesis is that the point distribution of the given spherical data is a Fisher distribution. The formal goodness-of-fit test comprises three subtests: colatitude test, longitude test, and two variable test. Typically one considers significance levels of 1% or 5%, and the three corresponding thresholds are M The null hypothesis is rejected when at least one of the three test values is larger than the corresponding threshold value. For details of this test, we refer to [37] .
Generally, based on the Fisher distribution, we are able to apply different statistical inferences on the spherical data. In our study, we adopted a two-sample test to examine whether Xa and Xi have the same concentration parameter κ of the Fisher distribution. The null hypothesis is that the two spherical data sets have the same concentration parameter κ. If the test value is larger than a specific threshold, then the null hypothesis is rejected. In this case the variability of the two sets of shape data is different significantly. The formal description of this approach is given in Supplementary Section A.1.
Correlation of the shape of Xa and Xi
Each female cell has a pair of X-chromosomes (Xa and Xi). An essential question is whether there exists a geometric dependency between the shapes of the BAC triangles of Xa and Xi. This question can be answered using the correlation coefficient between two spherical data sets. In our case, we used the approach of Jupp and Mardia [38] to assess the dependence between BAC triangles on Xa and Xi chromatin. This approach is also a statistical hypothesis test, where the null hypothesis assumes that the shapes of two corresponding objects (in our case Xa and Xi) are independent of each other. The null hypothesis is rejected when the test value is larger than a specific threshold. A formal description of this approach can be found in Supplementary Section A.2.
Normalization of cell nuclei using non-rigid registration
When studying the 3D structure of chromosomes and genomic regions, a central question is whether the overall cell nucleus shape has an influence on the result. This is particularly relevant in our case since the analyzed BACs have been labeled in individual cell nuclei which generally have different shapes. If the shape of the cell nuclei has an influence on the location of the BACs, then the question of how to remove potential artifacts due to shape variations becomes an essential issue. One main approach to this problem is to geometrically align and normalize different cell nuclei, which can be achieved using registration techniques. Since the cell nuclei of human fibroblasts can be approximately described by a 3D ellipsoid, our idea consists in normalizing all cell nuclei with respect to a mean ellipsoid. To this end we use the non-rigid intensity-based registration approach of Yang et al. [39] , which allows to cope with elastic deformations between 3D images. Before non-rigid registration all cell nuclei were aligned using intensity-based rigid registration, so that the lengths of the three major axes of the ellipsoids could be measured to reconstruct the mean ellipsoid (see Fig. 5 ). Subsequently, each cell nucleus was registered to this mean ellipsoid. In order to accelerate the computation, the registration of the images was computed in parallel on a computer cluster with 48 nodes. The run time for registering two cell nuclei was about 50 min.
The structure of active and inactive X-chromosomes is non-random
In this section, we describe and discuss the experimental results. The outcome of the uniformity test for four BACs is listed in Table 3 . The result gives strong evidence that the studied shapes of Xa and Xi are non-random. The uniformity test was also used to verify the simulated stable data set as well as the random data set (see Section 2). The obtained test values are V s =153.09 and V r =1.46, respectively. Considering two different significance levels of 5% and 1% (χ ;0:05 = 11:07), it turns out that the stable data are indeed far from random, whereas the random data exhibit significantly smaller values than the given thresholds.
As described above in Section 3.5, the goodness-of-fit test is used to examine how well the Fisher distribution fits our real data. The test results for data sets 1 and 2 are given in Supplementary Tables 8 and 9 , respectively. Table 8 Table 9 , we find that for data set 2 most of the measurements can be also modeled by a Fisher distribution except for the BAC triangle configuration TR3 of Xa and TR2 of Xi, where the test yielded slightly larger values than the threshold value (as given in Section 3.5).
On the basis of the goodness-of-fit tests, we further investigated the parameters of the Fisher distribution for the two real data sets (see Tables 4 and 5 ). In our previous work [29] , we have used the complex Bingham distribution to statistically describe the shape distribution of BAC triangles. Here, in order to be able to compare the results, we additionally determined the corresponding concentration parameters λ of the complex Bingham distribution (see Tables 4 and 5 ). Also, the estimated parameters for the simulated data of the triangles (see Section 2) are provided as a reference. For the random data set, we obtained μ r =(−0.04, 0.08, 0.99), κ r =2.65, |λ r |= 5.63, and for the stable data set we yielded μ s =(−0.34, 0.04, 0.94), κ s = 81.27, |λ s |= 162.53. Comparing these values with the results from the real data, it turns out that the real data exhibit a relatively large variation in shape, since κ and λ are significantly smaller. Finally, we need to answer the important question, whether the BAC triangles have uniform distribution on the shape space. The shape uniformity test for BAC triangles was performed analogously to the approach in [29] . However, in contrast to that work, we here used a more robust uniformity test, i.e., Giné's F n test [33] . Analyzing the test results, we found that the local BAC triangles are highly variable and some of them even correspond to random shape, although all global shapes of the BAC-tetrahedrons had been proven to be not random.
The two-sample test determines whether both samples of Xa and Xi have the same concentration parameter in terms of the Fisher distribution. Given a significance level of 1%, the results in Supplementary Table 10 show that all BAC triangles of Xa and Xi in data set 1 have the same concentration parameters κ, while not all BAC triangles of data set 2 exhibit this property.
Subsequently, we evaluated the dependence between Xa and Xi using the spherical correlation coefficient. Given a significance level of 1%, Table 6 shows that the shapes of all BAC triangles of Xa and Xi are .92, then Xa and Xi of TR3 of data set 2 exhibit a weak dependency. Null hypothesis: both sets of data are independent to each other. R: null hypothesis is rejected; NR: null hypothesis is not rejected. independent of each other. However, TR3 of Xa and Xi in data set 2 possesses a dependence for a significance level of 5%, which is interesting to point out.
As described in Section 3.7 above, we have studied the effects of geometric normalization of cell nuclei using non-rigid registration. Table 7 shows that the V-value of the uniformity test (see Section 3.1) Fig. 6 . Z-projections of the results of point-based registration based on the overlapping three BACs (BAC1: dark blue; BAC2: green; BAC3: blue; BAC4: yellow; BAC5: red). (A) Xa of data set 1; (B) Xi of data set 1; (C) Xa of data set 2; (D) Xi of data set 2; (G) result for random data set; (H) result for stable data set. Note that for data set 1, the genomic sequence of the BACs is green, cyan, yellow, and red. For data set 2, the genomic sequence is dark blue, green, cyan, and yellow. decreased significantly after normalization (except for Xa of data set 2). The results indicate that the "real" structures after normalization exhibit a higher variation and that the effect is not negligible.
Reconstruction of the 3D shape of active and inactive X-chromosomes
We have also provided 3D visualizations of the result after 3D point-based rigid registration (see Section 3.3). The visualization allows a qualitative assessment concerning the randomness of the investigated real data sets. The registration yielded different clusters as shown in Fig. 6 , where the red (BAC5; see Figs. 6A, B) and the dark blue (BAC1; see Figs. 6C, D) cluster are the "free" BACs with respect to the reference system established by the other three fixed BACs. The larger cubes and spheres visualize the mean positions of the clusters for data sets 1 and 2, respectively. Furthermore, we have applied the same registration approach to both simulated data sets. Considering the result for the stable data set (see Fig. 6H ), we found that the structures for the real data differ significantly. On the other hand, for the simulated random data set, we obtained always the same mean structure as displayed in Fig. 6G , even though performing the simulation repeatedly. We found that the mean positions of the real data differ also remarkably from that of the random data, which indicates also that the real data does not possess a random structure. Apart from these properties, we also found that the mean positions of the four BACs are nearly coplanar (see Figs. 7 and 8) . Note, that the result for Xi is similar to Xa; therefore, 3D visualizations have not been provided.
In addition, we have reconstructed the 3D structure of five consecutive BACs by combining the 3D structure from overlapping four consecutive BACs. Fig. 9 shows the results after point-based registration (see Section 3.3). Here, the mean positions of the green, cyan, and yellow points serve as reference points building a common coordinate system. Based on this coordinate system, data set 2 was aligned to data set 1; therefore, we were able to study both positions of the red and dark blue points in relation to the other three reference points. In Fig. 9 (top left) , the two data sets were overlaid with each other. Finally, in order to obtain a mean structure, the registered two data sets were merged (see Fig. 9 bottom) . The result for Xi is similar to that of Xa, therefore a visualization has not been displayed.
Finally, to depict the effect of normalization of cell nuclei, we overlaid the mean position of BACs before and after normalization (see Fig. 10 ).
Discussion
The distinct structural organization of active and inactive X-chromosomes indicates the relevance of spatial information in the epigenetic control of gene expression. Yet, the 3D geometric structure of the X-chromosome is still poorly understood. Different approaches have been used for the analysis of the large-scale 3D chromatin structure. In previous work, 3D chromatin structure was analyzed indirectly, for example, by measuring physical distances (e.g., [13] [14] [15] 22] ) or angles ( [24, 25] ), which have been computed based on the positions of labeled genomic regions. Also, the center of nuclei has been used to determine the (normalized) distance of genomic regions in relation to the radius of cell nuclei (e.g., [23, 25] ). In addition, features like volume, roundness factor, and degree of overlap between genomic regions were used to characterize the geometry of genomic regions (e.g., [27] ). Although these techniques were successfully applied, only basic geometric features have been determined and evaluated. Thus, the geometry of the considered objects is not fully exploited and the interpretation of the higher-level geometry is difficult. The reason is that the features (e.g., distances) can be straightforwardly calculated based on the 3D coordinates of the genomic regions, whereas the converse is not generally true [36] . Given the features, it is generally not straightforward and often even not possible to uniquely determine the 3D coordinates. In fact, the approaches used in previous studies did not allow to integrate the basic geometric features to obtain knowledge about the higher-level chromosomal geometry. To determine the higher-level structure of chromatin fiber, a more advanced approach is necessary which directly exploits the 3D coordinates of genomic regions. This type of Top right: result after point-based registration by fixing 3 BACs (cyan, yellow, and green). Bottom: same as the figure on the top right but both data sets are merged. Note that only mean positions have been displayed. For data set 1, the genomic sequence of the BACs is green, cyan, yellow, and red. For data set 2, the genomic sequence of the BACs is dark blue, green, cyan, and yellow. approach is known as geometrical morphometrics and was regarded as "morphometric revolution" ( [36, 40] ).
In our work, we have systematically investigated the 3D structure formed by four consecutive overlapping BACs on the interphase Xchromatin. Our analysis is based on geometrical morphometrics from statistical shape theory. We have used a uniformity test for the shapes formed by these genomic regions. Then a series of evaluations based on the Fisher distribution have been performed to study the shape of BAC triangles formed by each three of the four BACs. Finally, we have analyzed the structure of five consecutive BACs resulting from two sets of four consecutive BACs. First, the goodness-of-fit test for the Fisher distribution provides evidence that most of the BAC triangles follow a Fisher distribution. Second, the estimated concentration parameters of this distribution model show that the shape variations of the BAC triangles are relatively high. Third, using the two-sample test, we have examined the similarity between the BAC triangles of Xa-and Xi-chromosomes in terms of concentration parameters. It turned out that the first data set has similar concentration parameters for Xa and Xi, whereas the second data set exhibits some differences. Fourth, we have evaluated the spherical correlation coefficient of the BAC triangles for Xa and Xi to assess their statistical dependence. It turned out that the BAC triangles of Xi and Xa are statistically independent except for one case in the second data set. The reason for this exception is of interest, and we will carry out a more detailed analysis. Moreover, we have used point-based registration to reconstruct and visualize the average spatial 3D configuration of five consecutive BACs. With regard to the simulated random data, the visualization provides qualitative evidence that the shapes of the investigated data are not random. Finally, we have used non-rigid registration to normalize the shape of the cell nuclei with respect to a mean ellipsoid (representing the mean shape of the cell nuclei).
Comparing the results before and after normalization, it turned out that we obtain a significant effect with respect to the location of genomic regions which suggests that such type of shape normalization should be generally used for accurately analyzing the spatial organization of the nucleus.
Chromatin folding may (and should) be analyzed at two levels. At the first level, a basic physical model describes the basic folding of a chromatin region homogeneous both with regard to genetic information and functional status in an isotropic environment. Such models have been discussed by a number of authors (e.g., [12, 13, 18] ). However, biological data on the nuclear positioning of chromatin as a function of its biological properties leave no doubt that these basic models are not sufficient. At the second level, one has to take into account specific biological properties of the studied material: chromatin regions can take specific nuclear positions depending on their properties, namely transcriptional activity and gene richness, in the first place. Three lines of evidence show that specific large-scale chromatin folding related to gene richness and transcriptional activity is a general rule. First, transcriptionally active chromatin (euchromatin) and predominantly silent heterochromatin form distinct zones in the nucleus (for reviews, see [2, 4, 41] ). Second, chromosome territories have a polar organization, which means that within the chromosome territories more gene-rich and respectively more transcriptionally active chromatin occupies an inner position with regard to the nucleus ( [42] ). Third, the polar organization of chromosome territories is also supported by the polarized distribution of early and late replicating chromatin, whereas the difference in replication timing is known to be related to chromatin activity ( [43, 44] ) because euchromatin and heterochromatin have different replication timings. Taken together, the studied data imply that linear chromatin thread meanders across euchromatin and heterochromatin zones. Based on a few published observations, the characteristic size of the loops formed by this meandering seems to be several megabases ( [45, 46] ), although the exact range remains unknown. Furthermore, it appears probable that the large-scale loops mentioned above form smaller loops themselves (ca. 0.5-1 Mb and 0.5-1 μm), which are also related to local gene density and transcriptional activity ( [16, 42] ).
Formal analysis of chromatin folding from this point of view so far attracted less attention [16] , and this paper is, to our best knowledge, the first publication specifically focused on the methods necessary for such an analysis. Statistical shape theory as applied here, in contrast to traditional statistical methods, provides a sound framework to support research on advanced 3D folding structure of interphase chromatin. The here proposed approaches can also be applied in other studies on the 3D structure of the genome, for example, using data with more than four simultaneously labeled BACs or other biological loci.
